Abstract-Filtering of the output voltage in pulse width modulated digital to analog converters is analyzed in the paper. Filter design is approached using methods of power electronics: linear ripple approximation and sinusoidal approximation. Filters of the first and the second order are analyzed, and the rules for their design are stated in algorithmic fashion. A table that relates the number of bits to the pole natural frequency is provided for filters of the first and the second order. Output voltage setting time is provided by another table, depending on the number of bits. Effects of the second order filter Q-factor on the setting time are discussed. It is shown that filters of the second order provide much faster transients.
I. INTRODUCTION
Pulse width modulated (PWM) digital outputs are common in microcontroller development boards, like Arduino [1] , to provide some sort of semi analog output, having the "analog" output voltage being equal to the average of the output pin voltage, generated using a counter. In some applications, like a DC motor control, this sort of output is desired. In some other cases, like dimming the light emitting diode, inertia in the system filters the signal naturally. However, one might imagine applications where filtered DC voltage is needed as a real analog output. One might expect that such low-end solution is thoroughly mathematically analyzed, and that recipe-like solutions are readily available. However, this happened not to be the case. In [2] , some fundamental analysis is provided, with detailed historical literature review. Typical application note literature can be found in [3] , [4] . Some recent efforts can be found in [5] , [6] , [7] , where particular attention is deserved by the new ideas of [7] . The problem would be approached in a different manner here, and recipe-like solutions will be presented.
The aim of this paper is to provide clear mathematical analysis and recipe-like solutions for designing filters in PWM based digital-to-analog (D/A) converters. At the very beginning it should be clearly stated: the result is expected to be a low-end converter. With high-quality D/A converters available at low price, proposed solution would have the only advantage that it is readily available at low or no cost, and high performance should not be expected.
The analysis would be based on the methods developed in the field of power electronics [8] , primarily circuit averaging, linear ripple approximation, and the sinusoidal approximation. In the derivations, wxMaxima [9] would be used. Numerical computations would be performed in Python [10] using Pylab [11] environment.
II. PULSE WIDTH MODULATED DIGITAL TO ANALOG CONVERSION
Pulse width modulated signal v P W M is presented in Fig. 1 , and the information it carries is contained in its average value The first goal of this paper is to analyze constraints imposed to filtering of this waveform, and to analyze simple circuits performing this task, providing a recipe-like solutions for their design. The filtering criterion is that the output voltage ripple amplitude is lower than the value that corresponds to one half of the least significant bit (LSB).
A. Sinusoidal Approximation
The voltage waveform of Fig. 1 is rich with harmonics due to the waveform discontinuity, and harmonic component amplitudes decay as 1/k where k is the harmonic order. To keep the computation reasonably simple, especially in the case of the second order filters, entire AC spectrum of would be represented by its first harmonic. The amplitude of the first harmonic is given by
and it is duty ratio dependent, reaching maximum of
. To estimate quality of the sinusoidal approximation, amplitude of the second harmonic is computed as
and it is zero for D = 1 2 , which is the value that nullifies all even-order harmonics. Otherwise, amplitude scaling factor is two times lower than in the case of the first harmonic, which was expected. It should be noted that even-order harmonics are present in the spectrum of v P W M for D = According to sinusoidal approximation, higher order harmonics of the output voltage are neglected since they are excluded from the analysis at the very beginning, at the source v P W M level. Furthermore, their already smaller amplitudes would further be decreased by the filter which should have higher attenuation at higher frequencies. Validity of this approximation would be checked during the analysis presented in this paper.
III. THE FIRST ORDER FILTER
The first order filter considered for removing the output voltage ripple is presented in Fig. 2 and it consists of a resistor and a capacitor. Aim of this Section is to provide answers how to select values of R and C and how long the transient to steady state lasts. In this case, the problem would be approached applying two methods: linear ripple approximation and sinusoidal approximation.
A. Time Domain Analysis, Linear Ripple Approximation
Having this simple filter, the output voltage waveform can be computed in time domain using another technique from power electronics, linear ripple approximation [8] 
Output voltage that corresponds to this situation is depicted in Fig. 3 . Equating ∆v OU T, max with one half of the least significant bit,
n+1 , where n is the number of bits,
which provides
This formula provides a recipe-like method for computing R and C for a given set of values of the switching frequency f S and the number of bits, n.
B. Sinusoidal Approximation
Transfer function of the filter of Fig. 2 is
where
Assuming that the first harmonic dominates the v P W M spectrum, amplitude of the output voltage ripple is
Solving (11) for ω P provides
which is different than (8) . Even for n ≥ 4 approximation
holds, which yields conclusion that (12) provides π 2 /8 times larger value for ω P , which is about 23.37%. This corresponds to a lower value of the time constant τ P = 1/ω P = R C, which is a consequence of neglecting the higher order harmonics and their influence on the output voltage ripple. In the case of the first order filter, the linear ripple approximation provided more accurate results than the sinusoidal approximation.
C. Transient Response of the First Order Filter
The value of R C = 1/ω P is determined applying worstcase analysis, for D = 
is confined within
for t > t T . Rules of thumb, such as t T = 3 τ P or t T = 5 τ P for the error to be within 95% and 99%, respectively, are not applicable, since the required precision is much higher. In the case of the first order filter and the largest variation of the output voltage, from 0 to V ref or vice versa, the error is determined by
where ω P is determined either by (8) or (12). Substituting (16) into (15), the transient time is obtained as
It is worth to mention that switching ripple was excluded from the analysis here, since for D = 0 and D = 1 there is no switching ripple. The result indicates that the transient time exponentially depends on n, and linearly on T S . Thus filtered PWM output is inherently low-performing on high resolution D/A converters.
Another interesting question is the influence of the output voltage change on the setting time. Let us assume that
where 1 2 n ≤ p ≤ 1, where the output voltage change is commanded at t = 0. The output voltage error is given by
and this yields the transient time of
for p = 0, which is intentionally left out of scope, the results of t T → ∞ is obtained. The result is actually correct, since there is no change in the output voltage, and the final value is reached far before the command not to do anything is issued at t = 0.
To cover for possible influence of the switching ripple, one extra bit should be added in the value of p.
IV. ANALYSIS OF THE SECOND ORDER FILTERS
In this Section, an analysis of filter configurations having the second order transfer function and being sufficiently simple to build will be considered. The aim is to provide the same output voltage ripple amplitude than in the case of the first order filter, but better transient response.
A. Transfer Functions of the Second Order
Transfer function with the DC gain equal to 1 takes general form
and is characterized by two parameters, ω P and Q P . Of special interest are the systems with critical damping ratio, for Q P = 1 2 , that provide the fastest setting time. Whenever possible, the value of Q P = 1 2 should be selected. In that case
which is the transfer function of the optimal second order filter for our application. Unfortunately, not always this could be achieved, due to limitations in available components, and a suboptimal solution is being searched for.
B. Considered Filters and Their Transfer Functions
In the design of the second order circuits, only passive components are considered, to avoid offset issues of operational amplifiers and to keep the filter circuitry as simple as possible, to support the low-end solution considered. The first filter to be considered is shown in Fig. 4 . The filter has three degrees of freedom for the component choice, since it is assumed that both of the filter sections have the same time constant R C.
The circuit of Fig. 4 is characterized by a transfer function
which corresponds to
and
Unfortunately, the optimal value of a is a → ∞, when the second section does not load the first one. A special case of a = 1 would be considered
since it is easy to build due to reduced count of different component values. However, it is not optimal, but also not that bad. It should be noted that with increase of a the value of Q P approaches the optimal value rapidly, so a = 10 when Q P = 0.47619 is considered as a good choice. Another second order filter structure that meets the requirements is shown in Fig. 5 . The filters that include inductors would be readily be excluded from consideration just couple of years ago. Nowadays, with the availability of relatively inexpensive prefabricated inductors with relatively high quality, the structure of Fig. 5 is back. The transfer function is
C. Choice of ω P , Q P = 1 2 , Linear Ripple Approximation The first approach in selecting ω P for Q P = 1 2 is based on the linear ripple approximation, used in Section III-A. The same approximations are used, assuming negligible ripple at the output of a filter section, and after first integration of the waveform of Fig. 1 the waveform of Fig. 3 is obtained. Its AC component is integrated again, and a smooth double parabolic waveform is obtained, resembling a sine wave. The output voltage amplitude of
is obtained. Equating the output voltage amplitude to the voltage that corresponds to
The value is 2 n+1 2 times higher than (8), promising much faster transient response for higher resolution converters.
According to sinusoidal approximation, the output voltage ripple is dominated by the first harmonic, having amplitude
Equating (35) with the voltage that corresponds to 1 2 LSB for ω P provides
For large values of n the value of (36) is
≈ 0.9844 times the value of (34), which in practice mean that they provide almost the same value. The result is expected, since for better filtering the first harmonic really dominates the output voltage AC component. However, it should be underlined that both the linear ripple approximation and the sinusoidal approximation are approximate methods.
A special case of Q P = 1/3, reached when the circuit of Fig. 4 is built with a = 1, is of interest, due to the simple circuit realization. Having the value of Q P specified, the only remaining parameter of the transfer function is ω P . Repeating the procedure of linear ripple approximation, the same value of (34) is obtained.
Application of sinusoidal approximation provides somewhat different result. The output voltage ripple obtained neglecting the higher order harmonics is equated to
which is solved over ω P which exists as a parameter of H 2 (s). The task is somewhat meticulous, but could easily be solved using wxMaxima [9] , providing
It is interesting to note that the limit value of (38) over (34) as n → ∞ is π 4
which means that the formulae provide the same result in practice.
F. Transient Response
In the analysis of second order filters, let us consider the maximal step, from 0 to V ref or vice versa. In the case Q = 1 2 the time response is critical, and and equating this value to
cannot provide a closed form solution like (17) since the equation is transcendental. This leaves numerical solution as the only option, and for different values of n (41) may be solved over normalized time ω P t.
In the case Q = 1 3 , the transient error is given by
does not have a closed form solution over ω P t, either.
Both of the equations (41) and (43) can be solved over ω P t numerically, and the solutions are given in Table I for a reasonable set of n. The results indicate that for the same values of ω P , which is the case, the filter with Q P = The first step in the design is to determine the filter pole angular frequency, i.e. the filter pole time constant according to
where k ∈ {1, 2} is the filter order, and s k is as a function of n given in Table II . After τ P is determined for the selected filter type, actual values of the filter components are determined as for filters of Figs. 2 and 4, which leaves the designer one degree of freedom to arbitrarily select R or C, and to compute the remaining parameter. In the case of the filter of Fig. 5 , values of L and C are constrained by
and again the designer has one degree of freedom in component selection.
Regarding the second order filters, it is optimal to provide Q P = 1 2 , which would require a → ∞ for the filter of Fig. 4 . However, any value in the range a ≥ 1 will suffice, the larger the better. In the case of the filter of Fig. 5 , the optimal Q P is obtained for
The worst-case transient times of all three of the considered filter transfer functions (first order, second order Q P = 1 2 , and second order Q P = 1 3 ) are summarized in Table III . Superiority of the second order filter with Q P = 1 2 is readily observed, providing from 3 to 70 times shorter setting time, depending on the number of bits, the greater the number the better the performance.
VI. EXPERIMENTAL RESULTS
In order to verify proposed techniques, experiments are performed using Arduino Uno platform [1] using PWM output pins 9, 10, and 11. These pins provide analog output by switching at f S = 490.206 Hz, T S = 2.04 ms, and support 8-bit resolution, with the LSB quantum of 19.53 mV.
To design the filters, the row of Table II that corresponds to n = 8 is of interest, providing τ P 1 = 130.56 ms and τ P 2 = 5.7731 ms. In this manner, the filters are designed: filter 1 that applies circuit of Fig. 2 with R = 1 kΩ and C = 147 µF, filter 2 that applies circuit of Fig. 4 with R = 1 kΩ, C = 6.8 µF, and a = 1, and filter 3 that applies circuit of Fig. 4 with R = 1 kΩ, C = 6.8 µF, a R = 10 kΩ, C/a = 660 nF, and a ≈ 10. According to Table III , setting time would be 814.47 ms for filter 1, 96.614 ms for filter 2, and about 48.98 ms for filter 3.
The output voltage ripple waveforms are presented in Figs. 6, 7 for filters 1 and 2, in complete agreement with predictions, both in the amplitude and in the waveform.
In Fig. 8 transient response of the first order filter is presented. Long-lasting first order response could be observed. In Fig. 9 transient responses for filters 2 and 3 are presented, and somewhat better performance of filter 3 could be observed. Please note 20 times more detailed time scale in Fig. 9 . 
VII. CONCLUSION
In this paper, filtering of the output voltage of PWM based D/A converters is discussed. Filter design is approached applying methods of power electronics: linear ripple approximation and sinusoidal approximation. Filters of the first and the second order are analyzed. It is shown that for the first order filter linear ripple approximation provides more accurate results than sinusoidal approximation, while for the second order filters they provide about the same results. Finally, the results based on linear ripple approximation are selected to create rules of thumb to design the filters. The rules of thumb use two tables, one to select the filter pole natural frequency according to the number of bits and the switching frequency, and the other one that provides the setting time according to the number of bits and the switching frequency. It is shown that second order filters provide much faster transients than the first order filter.
